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Abstract. We present a data-driven distribution tracking system that
is capable of tracking the process quality in a chemical synthesis process
for nanoparticles. In the process, the process quality is deﬁned as a distribution of particle sizes and shapes, which inﬂuence the functionalities
of nanoparticles. A system of tracking the distribution of nanoparticle
sizes and shapes consists of three components: (a) in situ measurement
system, (b) a mathematical model to represent nanoparticle sizes and
shapes, their distributions and the temporal changes in the distributions,
and (c) a statistical algorithm to estimate the model with in situ measurements. We will review the state-of-the-art approaches to tracking the
time-varying distribution of particle sizes and shapes. The advance of the
distribution tracking by combining complementary in situ instruments
based on the DDDAS paradigm is discussed.
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Introduction

Nanoparticles are minuscule particles whose dimensions are less than 100 nm.
The functional properties of nanoparticles are heavily inﬂuenced by their sizes
and shapes, so one can ﬁne-tune the functionalities by simply changing the sizes
and shapes. The relation of nanoparticles to sizes and shapes has been studied
for many promising applications. For example, the dependency of the surface
plasmon property of metal nanoparticles on the particle’s sizes was studied for
photo-thermal destruction of cancer cells [2], and semiconductor nanoparticles
of various sizes were tested as catalysts to promote carbon nanotube growth [9].
A promising method of producing nanoparticles in large quantities is a chemical growth process, known as the self-assembly process [1]. In the chemical
growth, atoms and molecules are added to a reaction solution, and those smallscale objects randomly collide in the solution, following a diﬀusion or a random
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Brownian motion. Some collisions could lead to merging or aggregations. The
small-scale objects are aggregated to become larger nanoparticles through multiple stages of mergers. The growth process is inﬂuenced by many individualized and localized factors, including the movements of individual objects, local
densities of small-scale objects, and the frequency and eﬀectiveness of individual collisions. Because of all these, every single nanoparticle exhibits a unique
growth, so that the ﬁnal sizes and shapes of the nanoparticles resulting from
a growth process are unlikely equal but are rather likely form a distribution of
a wide span. Producing nanoparticles with a concentrated distribution in both
size and shape has been long desired by materials scientists [8].
Producing nanoparticles with controlled sizes and shapes has been attempted
experimentally [3], which is to repeat the cycles of trying diﬀerent chemical
recipes and then check particle outcomes by the means of imaging. However, a
pure checking of the sizes and shapes of the ﬁnal nanoparticles does not give any
clue on why the outcomes are bad nor guide process improvement. We believe
that tracking the sizes and shapes of nanoparticles in the transient period of
a growth process provides a crucial clue on how the growth progresses. This
paper introduces the problem of tracking the evolution of nanoparticle sizes
and shapes, as represented in a time-varying dynamic distribution, and review
the state-of-the-art approaches. The tracking problem discussed in this paper
is diﬀerent from the object tracking problem in computer vision [4,5,14], which
seeks the trajectories of individual objects and their characteristics instead of the
distribution of the characteristics. Our review in Sect. 2 is only focused on the
problem of tracking the distribution. The advance of the distribution tracking
by combining complementary in situ instruments based on the dynamic data
driven application system (DDDAS) paradigm is discussed in Sect. 3.

2

Distribution Tracking of Nanoparticles

A system of tracking the time-varying distribution of nanoparticle sizes and
shapes consists of three components: (a) in situ measurement system, (b) a mathematical model to represent nanoparticle sizes and shapes, their distributions
and the temporal changes in the distributions, and (c) a statistical algorithm to
estimate, in near real-time, the distribution models with in situ measurements.
Section 2.1 introduces existing approaches on distribution tracking for both size
and shape, and Sect. 2.2 reviews on distribution tracking for size only.
2.1

Shape Distribution Tracking

Measurement Instrument. For tracking nanoparticle shapes in time, an in
situ imaging of nanoparticles at a nanometer spatial resolution is necessary.
There are many microscopic imaging techniques with nano-meter spatial resolutions such as electron microscopes. Most of them had not equipped with in situ
imaging capability, mainly because wet material samples from chemical processes
running in liquid phases cannot be placed on the high vacuum environment of
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a microscope sample chamber. In order to image those wet samples in the conventional microscopes, special sample holders should be attached for adding in
situ capability. For examples, a liquid cell sample holder have a very thin layer
of liquid samples sandwiched by two silicon or graphene windows [18], and the
windows isolate wet samples from the vacuum environment.
As illustrated in Fig. 1-(a), a micro-tubing can be placed to connect in
between a reaction chamber and the liquid cell, through which a reaction solution is continuously pumped into the liquid cell. Therefore, the liquid cell will
be replenished continuously with reaction solutions taken at diﬀerent times of
a chemical nanoparticle growth process, and taking microscope images of the
samples in the liquid cell with an imaging interval would generate a sequence of
images containing nanoparticles taken at diﬀerent stages of the growth process.
Shape Model. Each of the images generated by an in situ microscope are
analyzed to extract the outlines of nanoparticles in the images, using the stateof-the-art image segmentation approaches [10,12,16,19]. Each of the outlines
does not only the size and shape information of the corresponding nanoparticle
but also includes the pose of the nanoparticle, where the ‘pose’ implies the
orientation and location of the nanoparticle in the image. The size and shape
information can be achieved by discarding the pose information from the outline.
There are quite a few existing works in the shape modeling for nanoparticles.
Here we introduce one modern approach. Park [11] represented the outline as
a closed curve. A closed curve in R2 has the circular topology S1 . Therefore, a
closed curve can be represented by a parametric curve φ : S1 → R2 , where the
parameter θ ∈ S1 indicates a point on the closed curve, and φ(θ) ∈ R2 represents
the coordinate of the point. To discard the location information from the curve,
the closed curve is converted to the centroid distance function, r : S1 → R+ ,
r(θ) = ||φ(θ) − cφ ||,
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Fig. 1. In situ electron microscope for measuring nanoparticle sizes and shapes at
diﬀerent stages of a nanoparticle growth process. Panel (a) shows a ﬂow-through system
attached on a conventional electron microscope that enables a realtime imaging, and
panel (b) shows exemplary images from the system.
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where || · || is the L2-norm, and cφ = 2π
φ(θ)dθ represent the centroid of
S1
the closed curve. Let R represent a collection of all such centroid distance functions. The centroid distance function r ∈ R still contains the orientation of the
corresponding closed curve. Let γ : S1 → S1 denote a diﬀeomorphism from S1
to S1 with a constant ﬁrst derivative, and let Γ denote the space of all such
diﬀeomorphisms. An γ ∈ Γ deﬁnes a group action on r ∈ R in that r ◦ γ belongs
to R. In fact, the group action rotates the centroid distance function r ∈ R.
Therefore, the shape of a centroid distance function of r ∈ R can be represented
as all rotational variants of r,
[r] = {r ◦ γ; γ ∈ Γ },

(1)

and the space of shapes can be deﬁned as the quotient space, R/Γ . The rotationally invariant distance of two shapes [r1 ] and [r2 ] in R/Γ is deﬁned as
dR/Γ ([r1 ], [r2 ]) = min |(r1 ◦ γ) − r2 |,
γ∈Γ

where | · | is the L2-norm in R. A centroid distance function r can be rotationally
aligned to a reference centroid distance function r∗ ∈ R by the partial Procrustes
alignment with the distance dR/Γ , and the aligned r is achieved as r̃ = r ◦ γ̃,
where γ̃ = arg minγ∈Γ ||(ri ◦ γ) − r∗ ||, and r̃ is used as the shape representation.
The shape of a nanoparticle is represented as a rotation aligned centroid
distance function r̃(θ), and the shape evolution during a chemical growth process
can be represented as a time series r̃(θ, t), which represents the shape observed
at time t. Park [11] used the spline representation of the time series,
r̃(θ, t) =

N
M 


αm,n am (t)bn (θ), t ≥ 0 and θ ∈ [0, 2π),

m=1 n=1

where am (t)’s and bn (θ)’s are uniform B-spline basis functions with corresponding random coeﬃcients αm,n , and M and N are tuning parameters controlling
the number of the spline basis functions used. The vectorial representation of
the model is
r̃(θ, t) = (bTθ ⊗ aTt )α,
where α = (α1,1 , . . . , αM,1 , . . . , α1,N , . . . , αM,N )T , at = (a1 (t), . . . , aM (t))T , and
bθ = (b1 (θ), . . . , bN (θ))T . Park [11] pointed out that nanoparticles grow in size,
so r̃(θ, t) should monotonically increase in time t. Let Q represent the set of all
α values to ensure the monotonicity given the ﬁxed basis matrix (bTθ ⊗ aTt ). The
unknown coeﬃcient vector α ∈ Q deﬁnes the temporal evolution of a nanoparticle. The variation in the temporal evolution among multiple nanoparticles from
the same growth process can be modeled by posing a probability distribution on
α. The truncated multivariate normal distribution can be deﬁned,
α ∼ NQ (μ, Σ),
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where Q is a support of α, μ is the mean, and Σ is the covariance. More
generally, one can use a nonparametric distribution such as a mixture,
α∼

K


βk NQ (μk , Σ k ),

k=1

K
where βk ≥ 0 is the mixture weight satisfying k=1 βk = 1. From the probability
model, the probability distribution of r̃(θ, t) can be induced as
r̃(θ, t) ∼

K


βk NQ ((bTθ ⊗ aTt )μk , (bTθ ⊗ aTt )Σ k (bθ ⊗ at )).

(2)

k=1

For a ﬁxed time t, it represents a probability distribution of nanoparticle sizes
and shapes at time t. With the time t varying, it represents the temporal evolution of the probability distribution.
Statistical Algorithm. Suppose that there are Nt nanoparticles observed from
the microscope image taken at time t = 1, . . . , T . Let r̃jt (θ) represent the rotationally aligned centroid distance function for the outline of the jth nanoparticle
observed at time t. All the observations are D = {r̃jt (θ); j = 1, . . . , Nt , t =
1, . . . , T }. Given the data, we want to estimate the distribution parameters
{(βk , μk , Σ k ); k = 1, .., K} of the mixture model (2). The expectation maximization algorithm would be a natural choice for the mixture model, if K is
known. If K is unknown, a possible solution would be to use a model selection
criterion such AIC and BIC to choose K, or a fully Bayesian approach can be
taken to consider K as an unknown random variable. Park presented the exact
Gibbs sampler for the posterior estimation of K along with the distribution
parameters. For more details, please refer to the original paper [11].
2.2

Size Distribution Tracking

Measurement Instrument. When it comes to particle size, scattering techniques are more convenient and practical than microscope techniques. The scattering light techniques come with simpler sample preparation and data analysis
steps than microscopic imaging. In addition, scattering machines can be loaded
with a much larger volume of nanoparticle solution per each measurement than
microscope techniques. Accordingly, the size distribution attained using the scattering techniques can base on a larger sample, so as to better represent the size
distribution of the whole reaction solution.
One of the most commonly used scattering techniques for particle sizing is
the dynamic light scattering. A sample solution is loaded into a dynamic light
scattering machine, and a beam of lights is shot on the sample solution. The light
beam is scattered by nanoparticles in the sample solution, and the intensities of
the scattered light change in time due to the Brownian motion of nanoparticles
in the solution. The autocorrelation of the temporal changes in the intensities
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is related to the sizes of the nanoparticles in the solution. The autocorrelation
function can be analyzed to reveal the distribution of particle sizes in the form
of a histogram. For more details, please refer to a relevant work [7].
Size Model. Let x ∈ R+ represents the size of a nanoparticle, and let pt (x)
denote the probability density of the size at time t of a nanoparticle growth
process. A simple and practical model for pt (x) may be a log-normal distribution,


(log x − μt )2
1
pt (x) = 
exp −
,
2σt2
2πσt2 x
where μt ≥ 0 and σt2 ≥ 0 are the mean and variance of log x. It has been popularly used for representing particle size distributions [6]. The simple parametric
model is not good enough when pt (x) has multi-modalities, i.e., the density function has multiple local maxima. In that case, a non-parametric distribution such
as a histogram can be used. Qian et al. [15] modeled
the penalized B-spline model
n
to represent the log probability density, log pt (x) = j=1 αjt Bj (xi ), where Bj (x)
is the jth B-spline basis function, and αjt is the corresponding B-spline coeﬃcient. The corresponding density of the size distribution is
⎧
⎫
n
⎨
⎬
pt (x) = qt exp
αjt Bj (xi ) ,
(3)
⎩
⎭
j=1

where qt > 0 is a normalizing constant. The unknown coeﬃcient vector, αt =
(α1t , . . . , αnt )T , parameterizes the particle size distribution at time t, and the
temporal change in αt characterizes the temporal evolution of the particle size
distribution. The coeﬃcient vectors can be spatially and temporally correlated.
The consideration of the spatial and temporal correlation will be considered by
means of incorporating the regularization terms in the statistical algorithms that
will be discussed in the next section.
Statistical Algorithm. Suppose that nanoparticles undergoes a nanoparticle growth process, which makes the particle size change following the model
(3), and dynamic light scattering measurements are achieved for the samples of
nanoparticles taken from the process at time t = 1, . . . , T . The measurement
taken at time t can be analyzed by the existing scattering data analysis algorithm [7], and the outcome of the algorithm is a histogram of particle sizes at
time t,
Y t = (Y1t , Y2t , . . . , Ymt ),
where Yit represents the number of nanoparticles whose sizes range in the ith
histogram bin, [xi − δ, xi + δ]. Each of the bin counts is naturally modeled as
a Poisson random variable, Yit ∼ P oisson(λit ), where the Poisson intensity
λit = pt (xi ) is proportional to the sampling density pt . The log likelihood is
L(αt ) =

m

i=1

Yit pt (xi ) −

m

i=1

exp(pt (xi )).
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Qian et al. [15] proposed to estimate all distribution parameters {αt ; t = 1, ..., T }
jointly by maximizing the penalized log likelihood,
L({αt ; t = 1, ..., T }) =

T


L(αt ) + λP({αt ; t = 1, ..., T }),

(4)

t=1

T n
2
where P({αt ; t = 1, ..., T }) =
t=1
j=1 η(αjt − αj(t+1) ) + (1 − η)(αjt −
α(j+1)t )2 is the smoothness penalty to ensure that the coeﬃcient values do not
have sudden jumps , and λ is a positive constant to determine the degree of the
smoothness penalty. Qian et al. [15] proposed the alternating directional multiplier method (ADMM) algorithm to optimize the penalized likelihood function.
The penalized likelihood maximization is solved when the scattering measurements from time t = 1 to T are available. Therefore, the distribution is estimated
after the whole growth process is completed. Qian et al. [17] proposed an online
estimation algorithm to estimate αt incrementally as soon as the measurements
up to time t are available instead of waiting until all the measurements are collected. Qian et al. [17] used an autoregressive model to model the time-varying
coeﬃcient vector, αt = αt−1 + t , where t ∼ N (0, σt2 I). With the autoregressive model, we would have a hidden Markov model linking {αt ; t = 1, . . . , T }
with the Poisson observation model (4). The online estimation algorithm of the
Kalman ﬁlter type can be used to estimate the hidden Markov model [17].

3

Conclusion

This paper discusses the problem of tracking the time-varying distribution of
particle sizes and shapes at diﬀerent stages of a chemical growth process of
nanoparticles. If the distribution can be tracked in realtime, it can be exploited
for monitoring the growth process, a prerequisite leading to potential control of
nanoparticle growth that produces nanoparticles with desirable sizes and shapes.
The major challenges in achieving this goal are whether one can take the size
and shape measurements in realtime during a growth process, how one eﬀectively models the distributions of sizes and shapes, and how the mathematical
model can be estimated as fast as the realtime measurements arrive. We review
the recent developments addressing the three challenges. When only the particle sizes are concerned, quick scattering measurements followed by an online
density estimation algorithm [17] can carry out a near real-time tracking of
particle size distributions. When both shapes and sizes are concerned, realtime
online distribution tracking is not yet available. Addressing this latter problem
appears much more challenging, due to the high complexities in dealing with
shapes. This challenge can be alleviated by a dynamic data-driven application
systems (DDDAS) approach making use of multiple measurement instruments of
complementary spatio-temporal resolutions. With multi-resolution instruments,
one can primarily track the size distribution in realtime using a temporally fast
instrument (e.g., the scattering light techniques), while triggering the estimate
of shape distribution only when it is necessary [13].
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