IEEE TRANSACTIONS ON RELIABILITY, VOL. 59, NO. 2, JUNE 2010 1

Supplement to: Optimal Maintenance Strategies
for Wind Turbine Systems Under Stochastic
Weather Conditions

Eunshin Byon, Student Member, IEEE, Lewis Ntaimo, and Yu Ding, Member,
IEEE

Proofs

Proof of Proposition 4
Let 72 and (7P); denote the ith position of the row vector 72(= 7’(7)) and 7P, respectively.

Then, we have

2 ’7TPZ‘ 7TPZ‘ ﬁ'PZ ~92
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The two inequalities in (1) hold due to Proposition 1(a) and Proposition 3(b), respectively.

Proof of Proposition 5

(a) We prove the claim by induction method. Without loss of generality, suppose that C' My (e, 1) =
Cenr and PMy(m) = Cppr. Then, CM(€y41) — Copyr = PM, () — Cppy = 7. Suppose that
CM,(ems1) — Copm > PM,(m) — Cpyy. Then,

CMn+1(6m+1> — Coum

= (L= Wem)(7 + Conr + Valer)) + Wen (T + CMa(emia)) — Com (2)
=7+ Valer) + Wenr(CMy(emi1)) — Com — Valer)) 3)
> 7+ Valer) + Wen(PMy(€m1)) — Cru — Valer)) “4)
= PM,1(7) — Cpu, %)

where (4) is from induction hypothesis. Therefore, CM,,(e;,+1) — Conr > PM,(7) — Cpys holds
for Vn.
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(b)

CMp(emir) = (1=Wom)(T+ Com + Vaoi(er)) + Wen (T + CMp—i(€mi1)),  (6)
= 74+ Cop+ Vaoi(er) + Wonr (CM—1(ems1) — Conr — Voi(er))  (7)
> 74+ Cpy+ Vii(er) + Wpy(PM,_1(7) — Cpar — Vi (e1)) (8)
= PM,(m). )]

Inequality in (8) is due to the result of Proposition 5(a) and the fact that Cyy > Cpyy and
Wenr > Wep. Also, note that PM,,(7) = PM,(w). Consequently, C' M, (e,,+1) > PM,(m) for
all n. |

Proof of Lemma 1

By induction, we can show that V,,(7) is non-decreasing in <y when P is IFR. Suppose that
n > T 4 1 because one cannot carry out corrective maintenance when the system fails and the
number of remaining periods is less than, or equal to, the lead time. Without loss of generality,
we suppose that Vyii(7m) = 0, Va. Then, NAr o(7) = (77 + CMi(€m41))(1 — R(m)) is
non-decreasing in < from Proposition 3(a), and PMy o(7) is constant in m. OBpio(m) =
Cop + Y iy min{NAris(e;), PMro(e;) }m. Since e; <y e; for @ < j and NArpio(e;) is
nondecreasing in i, OBr () is also non-decreasing in <, due to Proposition 2. Therefore,
Vrio(m) is non-decreasing in <. Suppose that V,,(7) is non-decreasing in < for ¥n > T + 1.

Then, for © < 7,

NA,1(r) = (7T + CMy_7(ems1))(1 — R(7)) + V(7)) R(7) (10)
< (7T + OMyr(emi1))(1 — R(7)) + Vi (7*) R(7) (11)
= (T +CM,_1(emys1)) — (7T + CM,_1(epmy1) — Vu(7)R(7)  (12)
< (T4 CM,_1(emy1)) — (7T + CMy,_1(emy1)) — Vo (7H))R(7R)  (13)
= (1T + COMy-r(emi1))(1 = R(7)) + Vo (7*)R(7)) = NA,1 (7)  (14)

(11) follows from the induction assumption and Proposition 4. (13) follows from Proposition 3(a)
and the fact that 77 + CM,_r(em+1) > Vi(m),Vm (Note that 77 + CM,_r(emny1) is the

corrective maintenance costs plus revenue losses during the lead time when the system fails,
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so it is always greater than the optimal value function for any operating state. Also, this
can be easily proved mathematically by induction). It is obvious that OB, 1(7) = Cop +
Yo min{NA,i(e;), PM,i(e;)}m; is also non-decreasing in <, with the similar reason ex-
plained above. Consequently, V,,,1(7) is nondecreasing in <, Vn > T + 1.

Since b(m) can be obtained by taking limits of V,,(m), b(m) is nondecreasing in <, which

concludes the claim. |}

Proof of Lemma 2:

bva(m) —bpu(m) = Cpy(l = R(m)) +b(x*)R(m) — g — Chy (15)
= (Ctn = Cpa)(L = R(7)) = g + (b(7*) = Cpp)R(m)  (16)

Note that b(m?) < C},,. Consequently, if (Cf,; — Cpyr)(1 — R(m)) — g < 0 (or equivalently,
— 9 i
R(m)>1 C’CM—C}»M)’ NA is preferred to PM.

Next, Consider the case that (C(,,;—C’p,,)(1—R(m))—g > 0. Let us assume that *(7) = N A.
Then,

b(n*) —b(m) = b(r*) = (Copy(1 — R(m)) + b(n*) R(m) — g) (17)
= (b(7*) = Cpp)(1 = R(m)) = (Cons — Cpp)(1 = R(7)) +g  (18)

(17) holds from the assumption §*(7) = N A and thus, b(7) = CJ,,,(1 — R(7)) +b(7?)R(7) — g.
Note that in (18), b(7?) < C},,. Therefore, when (Cl,; — Cpy ) (1 — R()) — g > 0, b(7?) <
b(w) with the assumption of §*(7) = NA. But, this result contradicts that b(7?) > b(w) for
7 <g ' (m) from Lemma 1. Therefore, when (Cf,; — Cp,,)(1 — R(7)) — g > 0, or equivalently,
R(m) <1— m, N A cannot be optimal. |}

Proof of Theorem 1: The first part is straightforward from Lemma 2 and the above discussions.
Regarding the second part, NA cannot be optimal at 7 from the fact that R(7) < R(w) for
m <q 7. Also, since b(e;) is non-decreasing in 4, » . b(e;)m; is also non-decreasing in -
ordering from Proposition 2, and so is bpg (7). This leads to bog(7) > bop (7). But, bpy(7) is
constant. Thus, when 0*(7) = PM, OB cannot be optimal at 7 as well, which concludes the

second part of the Theorem. |
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Proof of Corollary 1
It follows directly from Lemma 2 and the fact that OB is preferred to PM when C%,, >

COB + Zb(@l)ﬂ'l I

Proof of Lemma 3:

We use similar technique used in Lemma 2.

bya(m) — bop(T) (19)

= Con(1 = R(m)) + b(x*)R(x) — g — Cop — > _ ble)m; (20)

= (Ctas — Cop — Y _blen)m)(1 = R(7)) — g+ R(m)(b(r?) — Cop — > _ble)m)  (21)

= (Clys — Cop — Y _blex)m)(1 — R(r)) — g + R(m) Y ble;)(x? — ;)

+ R(m)(b(n*) — Cop — Y _blen)7), (22)
Note that b(2) < Cop + 3. b(e;)m2. Therefore, if (Cly, — Con — S ble))m) (1 — R(w)) — g +

2
R(m) > b(e;) (w2 — m;) <0, bya(m) < bop(m). Re-arranging the condition yields

(Conr — Cop — > bled)m) (1 — R(w)) — g+ R(m) Y ble;)(mf —m) <0 (23)

Ctn — Cop — > ble)m;
= R(’ir) > C’]\/4 OB Z (6 )7T 29
Cty — Cop — > ble;);
The last inequality (24) comes from b(e;) < C},, forall i = 1,--- ;m and from Cop + Cp,, <

(24)

Cty (Note that Cop + Cpy < Copy by assumption). |

Proof of Corollary 2

It follows directly from Lemma 2 and Lemma 3. |}

Proof of Lemma 4:
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We will use contradiction. Assume that *(7) = N A. Then,

)= ble)(n} —m) (25)

= b(n*) = Clpy(1 = R(m)) = b(w*)R(7) + g — Y bles)(w] — ;) (26)

= (b(w2)—c’CM)(1— R(7)) +g — Zbel 7 —m) 27)
= (b(*) — Cop — Y _ ble;)n? R(m)) + (Cop

+3 ble)mi — Chp) (L= R(m)) + g — R(m) Y bles)(m} — ;) (28)

Note that b(72) — Cop — Y b(e;)m? < 0. Also, by the condition of the claim, the remaining term
is also negative. Therefore, we get b(m?) — b(m) — >_ b(e;)(w? — m;) < 0 under the assumption
of 0*(m) = NA. However,

- Z b(e;)(m? — m) (29)
= bop(m?) — b(7) — bop(7®) +bop(n) (from §*(7%) = OB), (30)
= —b(m)+bop(m) >0, (31)

which contradicts the assumption. As a result, §*(7) cannot be NA. Also note that bpp(m) <

bos(m?) < bpa(7?) = bpas(w). Therefore, PM cannot be also optimal, which concludes

5*(r) = 0B. |

Proof of Corollary 3:

(a) Applying Proposition 4 repeatedly to both sides of this inequality yields the result.

(b) Since the states along any sample path is in < -increasing order, the result follows directly
from Lemma 1.

(c) Note that R(7*) is non-increasing in k& by proposition 3(a). Then, the result follows from
Lemma 2.

(d) For k > k1(m), N A cannot be the optimal action from Lemma 2. Also, for k > k2(w), PM
is preferable to OB since Cop+_ b(e;)wF is nondecreasing in k in a <-increasing sample path
and C},, is constant. Hence for £ > k*, either N A or OB cannot be optimal. For k1 < k < k*,
OB is optimal, whereas k2 < k < k*, NA is optimal. For k& < min{kl,k2}, OB or NA is
optimal. |}

Proof of Lemma 5: We apply the similar induction technique used in [11]. Suppose that
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CMy(em+1) = Cenr. Also, suppose that Vy(m) = 0 for Vr for an operating system. N A;(7) =
Com(l — R(m)) is linear in w. OB, () is hyperplane of m and PM,(7) is constant in 7
for Vn. Therefore, Vi(m) is piecewise linear concave because minimum of linear functions

is piecewise linear concave. Now, suppose that V, (7) is piecewise linear concave such that

T

nia, € A, } where a,, is a 1 X (m + 1) dimensional column vector. We only

Vo(m) = min{r-a
need to examine N A, (7) to show the piecewise linear concavity of V;,,1(m). The first term
of NA,11(m), (that is, (77 + CM,,_7_1(emn +1))(1 — R(m))) is linear in 7. The second term of

NAn_|_1 (ﬂ') iS,

R(m)Vy(7*) = R(zm)min{r*-al;a, € A,} (32)
B A [@P)y (7P)  (@P)m | 7.
= R(m)min { [—R(W) R(n) R0 ,O} a,;a, € An} (33)
= min{[(7P)1, (7P)s, -+, (TP)m,0] - a’;a, € A,} (34)
= min{m - azﬂ; Ani1 € Ani1} (35)

Since R(m)V,(7?) is the minimum of hyperplanes, it is piecewise linear concave, which makes
N A, 1(m) is also piecewise linear concave. Consequently, V,,.1(7) is piecewise linear concave.

And the claim holds for Vn by induction. |}

Proof of Theorem 2: Consider the two states 7(A;) and 7(\2) between 7 and 7 (7 < 7) where
m(A;) = \jm+(1=\;)7, for j = 1,2and 0 < A\; < Ay < 1. Then, from Zizj T <ot A1 ZiZj i+
(1—X\) ZiZj T <t Zizj i, we have m <y m(\) <4 7. In a similar way, we can easily
show that (A1) <s m(A2) < 7. Therefore, m(\) is in <-increasing in A, which implies that
bya(m(N)) and bop(m(A)) is non-decreasing in A. But, bpys(7(A)) is constant. Hence, there exists
a control limit A\* such that for any A > \*, PM is optimal. The value of \* is straightforward
from Theorem 1. Next, let us consider 0 < A < \*. For this region, we already know that
PM cannot be optimal from Theorem 1. In Lemma 5, we show that NA,(7) is piecewise
linear concave. Thus by 4(7) is also piecewise linear concave, but bop(m) is hyperplane. Thus,
{m;bna(m) > bop(m)} is a convex set and thus, {\;bya(m(A)) > bop(m(A)),0 < XA < A*} is

also a convex set. This concludes the AM4R structure. |

Proof of Corollary 4:

When Aya<pym < Aos<pm, The second NA region of AM4R structure vanishes. So the
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optimal policy structure results in at most three regions. The optimal policy region for PM

is straightforward from the previous discussions. |



